Abstract. Recently the author defined a sequence of blowups for each variety in positive characteristic, called F-blowups. Our purpose is to prove that the sequence is monotone if the variety has only F-pure singularities. As a corollary, we also obtain some result on the stability of the sequence.
Introduction
In [9] we introduced the notion of F-blowup, which is defined as a suitable subscheme of Hilbert scheme. For a variety X in positive characteristic and e ∈ Z ≥0 , we have the e-th F-blowup X, which is related to the e times iteration of Frobenius morphism of X. Thus we have the sequence of blowups of X, which we call the F-blowup sequence.
The F-blowup has interesting features in relation with the desingularization problem, the G-Hilbert scheme and Gröbner bases. But the study of this notion has just started and there remain various problems. Among them, it seems important to understand the behavior of the sequence. This paper is concerned with the monotonicity of the sequence, by which we mean that the (e + 1)-th F-blowup dominates the e-th for every e ≥ 0. As we see in Example 4.6, it does not generally hold. Our main theorem provides a sufficient condition for the monotonicity: Theorem 1.1. Let X be a variety over an algebraically closed field of positive characteristic. Suppose that X is F-pure, that is, if F : X → X denotes the Frobenius morphism, then the associated morphism O X → F * O X locally splits as a morphism of O X -modules. Then the F-blowup sequence of X is monotone.
The notion of F-purity was introduced by Hochster and Roberts [4] and is now one of important classes of F-singularities (see [7] and the references given there).
Combining the theorem with boundedness results in [9] , we obtain the stability of the F-blowup sequence for tame quotient singularities and weakly normal toric singularities (see §5), which generalizes the corresponding results in [9] .
For simplicity, throughout the paper, we work over an algebraically closed field k of characteristic p > 0. We mean by a variety a separated integral scheme of finite type over k. But it is worth noting that the theorem still holds over a perfect base field. Indeed it is reduced to the algebraically closed case, since the F-blowup is compatible with extensions of perfect base fields [9] and the F-purity is preserved by them. suke Takagi, Kei-ichi Watanabe and Ken-ichi Yoshida for helpful comments concerning F-singularities.
Preliminaries
In this section, we quickly review basics of F-blowup. For details, we refer the reader to [9] .
Let e ∈ Z ≥0 and q := p e . For a variety X, write its e-th k-linear Frobenius morphism as
For a closed point x ∈ X, we denote by x (e) the fiber F −1 e (x) over it, which is a fat point of X e . Let X sm be the smooth locus of X and d := dim X. If x ∈ X sm , then
, and it has length q d . Conversely Kunz's Theorem [5] says that if x (e) has length q d , then x ∈ X sm . If it is the case, we can think of x (e) also as a reduced point of the Hilbert scheme, Hilb q d (X e ), which parameterizes 0-dimensional subschemes of length q d of X e .
Definition 2.1. We define the e-th F-blowup of X, FB e (X), as the closure of the subset
Remark 2.2. FB e (X) is denoted by FB ′ e (X) in [9] . Each point Z ∈ FB e (X) is a fat point of X e and its scheme-theoretic image in X is a reduced point. So we have a canonical map π e : FB e (X) → X, Z → π e (Z) := F e,X (Z).
The map is actually a morphism of schemes, which is projective and birational.
The e-th F-blowup FB e (X) is isomorphic to the irreducible component of the relative Hilbert scheme Hilb q d (F e : X e → X) that dominates X. This means that the blowup FB e (X) → X is the universal birational flattening of F e : X e → X.
The defining ideal of a fat point belonging to an F-blowup
Let K be the function field of X, V ⊂ K a valuation ring whose residue field is k. Suppose that the valuation has centers x ∈ X and Z e ∈ FB e (X), e ≥ 0. In this section, we will find the defining ideal of Z e ⊂ X e . For this purpose, replacing X with some neighborhood of x, we may suppose X is an affine variety, say Spec R. Then X e = Spec R 1/q and the e-th k-linear Frobenius F e,X is the morphism associated to the inclusion map R ֒→ R 1/q . Put D := Spec V . We have a natural morphism D → X, which maps the closed point of D to x. If Y e is the associated reduced scheme of D× X X e , then Y e is flat over D and the pull back of the universal family over FB e (X) by the natural morphism D → FB e (X). We can identify the function field of Y e with that of
Being its closed image, Y e has the coordinate ring
where µ is the multiplication map; µ(f ⊗ g) = f g. As a subscheme of D × k X e , Y e is defined by y e := Ker(µ).
If m V ⊂ V denotes the maximal ideal, then the special fiber of the projection D × k X e → D, which is canonically isomorphic to X e , is defined by the ideal
The special fiber Z ′ e of Y e → D is defined as a subscheme of Y e by the ideal
and as a subscheme of D × k X e by x e + y e . The natural morphism Z ′ e → X e is a closed immersion and its image is Z e . So the defining ideal of Z e ⊂ X e is z e := z ′ e ∩ R 1/q .
F-blowups of F-pure singularities
Definition 4.1. Let X = Spec R be an affine variety. We say that X is F-pure or that X has F-pure singularities if R is a direct summand of R 1/p as an R-module.
The notion of F-purity was introduced by Hochster and Roberts [3, 4] .
Proof. Since R is F-pure, for some
We observe that the image of Y e+1 on D × k X e is Y e , which means
It follows that the composite map
is the identity map. Tensoring this sequence with V /m V (= k) over V , we see that the map
which is the ring homomorphism defining Z Proof. It is a direct consequence of the preceding lemma.
Theorem 4.4. Let X be an F-pure variety. Then for each e ∈ Z ≥0 , FB e+1 (X) dominates FB e (X). In precise, the natural birational map FB e+1 (X) FB e (X) has no indeterminacy.
Proof. Let G ⊂ FB e+1 (X) × k FB e (X) be the graph closure of the birational map and ψ i : G → FB i (X), i = e, e+1, the projections. We have to show that ψ e+1 is an isomorphism. Fix a point a = (Z e+1 , Z e ) ∈ G and let z i ⊂ R 1/p i , i = e, e + 1, be the defining ideal of Z i and
the map of Zariski tangent spaces. Thanks to Corollary 4.3, ψ e+1 is bijective. So it is enough to show that φ e+1 is injective. Take 0 = v ∈ T a G. If φ e (v) = 0, then φ e+1 (v) = 0. So we may suppose that φ e (v) = 0. Let W e ⊂ G × k X e be the family over G of fat points of X e which is the pull back of the universal family over FB e (X). Similarly for W e+1 ⊂ G× k X e+1 . Clearly W e is the scheme-theoretic image of W e+1 by the natural morphism
be the pull back of W e and W e+1 by our tangent vector
Since φ e (v) = 0, the defining ideal of W v e should contain an element of the form f + gt, f ∈ z e , g ∈ R 1/p e \ z e so that φ e (v) ∈ Hom(z e , R 1/p e /z e ) maps f to the class of g modulo z e , which is nonzero.
Such an element f + gt is also contained in the defining ideal of W v e+1
and φ e+1 (v) maps f to g modulo z e+1 . From Corollary 4.3, g / ∈ z e+1 . Hence φ e+1 (v) = 0 and φ e+1 is injective, which completes the proof. Now we recall the notion of weak normality in the sense of Andreotti and Bombieri [1] : Definition 4.5. An affine variety Spec R with function field K is said to be weakly normal if R = R 1/p ∩ K.
Schwede [6] proved that F-injective singularities are weakly normal, in particular, so are F-pure singularities.
Example 4.6. Suppose k has characteristic 2. Let A ⊂ Z ≥0 be the monoid generated by 8, 9, 10, 11 and X := Spec k[A], the monomial curve associated to A, which is not weakly normal, nor F-pure. We claim that FB 1 (X) is smooth but FB 2 (X) is not. So FB 2 (X) does not dominate FB 1 (X).
Since X is a (nonnormal) toric variety, we can apply the description of toric F-blowups obtained in [9] . Let O ∈ X be the unique singular point, which is defined by the ideal
For e = 1, 2, let Z e ∈ FB e (X) be the unique lift of O. Then
A] is defined by the ideal
Since x 9/2 / ∈ I 1 and x 11/2 ∈ I 1 , x 11/2−9/2 = x lies in the coordinate ring of FB 1 (X) [9, Proposition 3.8] . Hence FB 1 (X) is smooth.
On the other hand, Z 2 is defined by
A\{0, 9 4 , 10 4
,
We can see that
. In particular, it is singular.
Stability of F-blowup sequence
Definition 5.1. Let X 1 , X 2 , . . . be a sequence of blowups of some variety X. Then we say that the sequence stabilizes if ∃e 0 , ∀e ≥ e 0 , X e ∼ = X e+1 .
We say that the sequence is bounded if there exists a blowup Y of X which dominate all the X i , i ≥ 1.
The stability obviously implies the boundedness. Conversely, from the following lemma, the boundedness together with the monotonicity implies the stability.
be a sequence of proper surjective morphisms of varieties, and g i : Y → X i , i ≥ 0, surjective morphisms of varieties such that for every i,
Then we have
.
Since Y × k Y has the Noetherian underlying topological space, for sufficiently large i, H i−1 = H i and so f i is injective and finite. Now we may suppose that the f i are finite and the X i are affine, say X i = Spec R i . If S denotes the integral closure of R 0 , then (R i ) i∈Z ≥0 is an ascending chain of R 0 -submodules of S. Since S is a Noetherian R 0 -module, the chain should stabilize and the lemma follows.
In [9] , we saw that the F-blowup sequence stabilizes in the following cases:
(1) 1-dimensional varieties (2) tame, abelian quotient singularities (that is,étale locally the quotient of a smooth variety by an abelian finite group of order prime to p) (3) normal toric singularities We saw also that the F-blowup sequence is bounded in the following cases:
(1) tame quotient singularities (2) (nonnormal) toric singularities Tame quotient singularities are F-pure. It is implicitly shown in [3, 4] . In fact, they are even F-regular (see [2, page 42] , and also [8, Theorem 2.7] ). So in this case, the F-blowup sequence is monotone and stabilizes. From the explicit description of toric F-blowup [9] , the F-blowup sequence of weakly normal toric singularities is also monotone and stabilizes.
Remark 5.3. The F-blowup sequence of tame quotient singularities is bounded by the G-Hilbert scheme [9] . In the abelian case, we saw that the stabilized F-blowup is isomorphic to the G-Hilbert scheme. The author conjectures that it holds in the non-abelian case too.
